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What is a self-sustained oscillator?
... an autonomous dissipative system with a stable oscillation
on a limit cycle.

e.g.: a pendulum clock

ǫ

Ωk

ω

detuning:

ν = Ω − ω
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Arnold-tounge

ǫ

Ωk − ω

0

0

ν

Synchronizability:

Width of synchronization-plateau depends on coupling strength
ǫ (strictly proportional only in used approximation).
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What is the OMO ?

Comparison of a pendulum clock with an Opto Mechanical
Oscillator:

Systems: Pendulum Clock OMO
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What is the OMO ?

Comparison of a pendulum clock with an Opto Mechanical
Oscillator:

Systems: Pendulum Clock OMO

what oscillates? pendulum mechanical element
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What is the OMO ?

Comparison of a pendulum clock with an Opto Mechanical
Oscillator:

Systems: Pendulum Clock OMO

what oscillates? pendulum mechanical element

why stable? weight pump-light
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What is the OMO ?

Comparison of a pendulum clock with an Opto Mechanical
Oscillator:

Systems: Pendulum Clock OMO

what oscillates? pendulum mechanical element

why stable? weight pump-light

several possible implementations...
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Implementation à la Vitali

movable mirror

x , p

optical

cavity

a, a†

pump-light
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Implementation à la Vahala
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Hamiltonian

H = Hmech + Hcav + Hpump + Hia + Hbaths
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Hamiltonian

H = Hmech + Hcav + Hpump + Hia + Hbaths

with

Hmech =
1

2

(
p2 + x2

)
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Hamiltonian

H = Hmech + Hcav + Hpump + Hia + Hbaths

with

Hmech =
1

2

(
p2 + x2

)

Hcav = ωca
†a
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Hamiltonian

H = Hmech + Hcav + Hpump + Hia + Hbaths

with

Hmech =
1

2

(
p2 + x2

)

Hcav = ωca
†a

Hpump = iκ
(

e
−iωl ta† − e

iωl ta
)
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Hamiltonian

H = Hmech + Hcav + Hpump + Hia + Hbaths

with

Hmech =
1

2

(
p2 + x2

)

Hcav = ωca
†a

Hpump = iκ
(

e
−iωl ta† − e

iωl ta
)

Hia = − g x a†a
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Equations of motion

ẍ = −x − γẋ + ga†a + Γx

ȧ = −i (ωc − ωl)
︸ ︷︷ ︸

=:∆

)a − κa + igxa + κ + Γa
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Equations of motion

ẍ = −x − γẋ + ga†a + Γx

ȧ = −i (ωc − ωl)
︸ ︷︷ ︸

=:∆

)a − κa + igxa + κ + Γa

ga†a :

intensity-dependent force
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Equations of motion

ẍ = −x − γẋ + ga†a + Γx

ȧ = −i (ωc − ωl)
︸ ︷︷ ︸

=:∆

)a − κa + igxa + κ + Γa

ga†a :

intensity-dependent force

igxa :

length-dependent frequency-modulation
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Properties of the OMO

ω

T

ωc ωl

I

ωl

ω

(ωl + Ω)(ωl − Ω)

Stokes

Anti Stokes
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Limit Cycles of the OMO
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A Limit Cycle

x(t) = x̄ + B cos(Ωt + ϕ0)

... for an analytical theory:

derive a†a(t) from equations of motion for ȧ, ȧ† and ẍ under
limit-cycle-condition and compare results:

−→ 3 equations (with physical meaning of 〈force〉,〈energy〉
and 〈power〉)

−→ 3 unknown parameters x̄ , B and Ω.
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Analytical theory

• Solution for Ω very stable under variation of system
parameters
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Analytical theory

• Solution for Ω very stable under variation of system
parameters

• Solution for x̄ very small in comparison to Amplitude B
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Analytical theory

• Solution for Ω very stable under variation of system
parameters

• Solution for x̄ very small in comparison to Amplitude B
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Analytical theory

• Solution for Ω very stable under variation of system
parameters

• Solution for x̄ very small in comparison to Amplitude B
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Limit cycles:

• green: 〈Pfric〉 and red: 〈Prad〉
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Analytical theory

• Solution for Ω very stable under variation of system
parameters

• Solution for x̄ very small in comparison to Amplitude B

-60 -40 -20 20 40 60
B

-0.005

0.005

XLeistung\

Limit cycles:

• green: 〈Pfric〉 and red: 〈Prad〉

• only stable solutions yield limit cycles
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Simulation

Developement towards a limit cycle:

t

5

10

15

20

25
x

t

5

10

15

20

25
x

Higher harmonics in light-intensity:

W 2W 3W 4W
Frequenz

Spektrum a+aHtL

W
Frequenz

Spektrum xHtL



Synchronization

of an Opto

Mechanical

Oscillator

Maria Martin

Synchronization

Self-sustained
oscillator

Arnold-tounge

The OMO

Implementation

Hamiltonian

Equations of
motion

Properties of the
OMO

Limit Cycles

Analytical theory
and simulation

Regimes of limit
cycles

Synchronization

of OMO

Techniques

Phase diagram

Synchronization
of OMO with
noise

Bibliography

Thresholds for limit cycles

Threshold in optical detuning ∆:
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Thresholds for limit cycles

Thresholds in mechanical damping γ and coupling g :

0.000 0.002 0.004 0.006 0.008 0.010
Γ
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Phase diagram for limit cycles

A

B, D

F

C

E

0
1

1

2

3

-2.0 -1.5 -1.0 0.0 0.5
D

10-5

0.001

0.01

0.1

1

Γ

g2

Critical parameters for number of limit cycles are:

optical detuning ∆ and relation γ/g2
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Techniques

• Define a Phase Φ(t) = Ωt + ϕ0 on the limit cycle
x(t) = x̄ + B cosΦ.
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Techniques

• Define a Phase Φ(t) = Ωt + ϕ0 on the limit cycle
x(t) = x̄ + B cosΦ.

• Define a phase-difference Ψ(t) = Φ(t) − ωt to external
force.
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Techniques

• Define a Phase Φ(t) = Ωt + ϕ0 on the limit cycle
x(t) = x̄ + B cosΦ.

• Define a phase-difference Ψ(t) = Φ(t) − ωt to external
force.

• Find dynamics for Ψ: Ψ̇ = −ν + ǫq(Ψ) (See Pikovsky et
al.)
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Techniques

• Define a Phase Φ(t) = Ωt + ϕ0 on the limit cycle
x(t) = x̄ + B cosΦ.

• Define a phase-difference Ψ(t) = Φ(t) − ωt to external
force.

• Find dynamics for Ψ: Ψ̇ = −ν + ǫq(Ψ) (See Pikovsky et
al.)

• Synchronization ⇐⇒ Ψ̇ = 0
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• Synchronization ⇐⇒ Ψ̇ = 0



Synchronization

of an Opto

Mechanical

Oscillator

Maria Martin

Synchronization

Self-sustained
oscillator

Arnold-tounge

The OMO

Implementation

Hamiltonian

Equations of
motion

Properties of the
OMO

Limit Cycles

Analytical theory
and simulation

Regimes of limit
cycles

Synchronization

of OMO

Techniques

Phase diagram

Synchronization
of OMO with
noise

Bibliography

Techniques

• Synchronization ⇐⇒ Ψ̇ = 0

• Define a potential V (Ψ) := νΨ − ǫ
∫ Ψ

q(x)dx
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Techniques

• Synchronization ⇐⇒ Ψ̇ = 0

• Define a potential V (Ψ) := νΨ − ǫ
∫ Ψ

q(x)dx

• Synchronization in local minima!

ν
ǫ

V

Ψ
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Phase diagram for synchronization

and limit cycles
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Synchronization in the presence of

noise

• Find dynamics for Ψ: Ψ̇ = −ν + ǫq(Ψ) + ΓΨ (See
Pikovsky et al.)
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Synchronization in the presence of

noise

• Find dynamics for Ψ: Ψ̇ = −ν + ǫq(Ψ) + ΓΨ (See
Pikovsky et al.)

• Synchronization ⇐⇒ 〈Ψ̇〉≈0
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Synchronization in the presence of

noise

• Find dynamics for Ψ: Ψ̇ = −ν + ǫq(Ψ) + ΓΨ (See
Pikovsky et al.)

• Synchronization ⇐⇒ 〈Ψ̇〉≈0

• Find a Fokker-Planck-Equation for Ψ to determine 〈Ψ̇〉

ν
ǫ

V

Ψ

0

ν

〈Ψ̇〉



Synchronization

of an Opto

Mechanical

Oscillator

Maria Martin

Synchronization

Self-sustained
oscillator

Arnold-tounge

The OMO

Implementation

Hamiltonian

Equations of
motion

Properties of the
OMO

Limit Cycles

Analytical theory
and simulation

Regimes of limit
cycles

Synchronization

of OMO

Techniques

Phase diagram

Synchronization
of OMO with
noise

Bibliography

Arnold-tounge for OMO:

quasi-deterministic case
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Effects of noise:
Only negligible effects on Synchronizability of OMO!
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